Abstract. Skew compact spaces are the best behaving generalization of compact Hausdorff spaces to non-Hausdorff spaces. They are those (X, τ ) such that there is another topology τ * on X for which τ ∨ τ * is compact and (X, τ, τ * ) is pairwise Hausdorff; under these conditions, τ uniquely determines τ * , and (X, τ * ) is also skew compact. Much of the theory of compact T2 semigroups extends to this wider class. We show: A continuous skew compact semigroup is a semigroup with skew compact topology τ , such that the semigroup operation is continuous τ 2 → τ . Each of these contains a unique minimal ideal which is an upper set with respect to the specialization order. A skew compact semigroup which is a continuous semigroup with respect to both topologies is called a de Groot semigroup. Given one of these, we show: It is a compact Hausdorff group if either the operation is cancellative, or there is a unique idempotent and S 2 = S.
Introduction
Skew compact spaces have been studied in some guise since at least 1948, when Nachbin introduced them as "compact ordered spaces"; his work is most conveniently found in [10] . They have recently become important in computer science, as well as topology, since they are the spaces needed to approximate compact Hausdorff spaces with finite T 0 (rarely T 2 ) spaces. The purpose of this paper is to show that many basic concepts of the theory of compact (Hausdorff) semigroups can be extended to these spaces with relatively little change. In the next section we give basic results, motivation, and references on skew compact spaces. In section 3 we extend the classically-known fact that compact (Hausdorff) semigroup topologies arise from subinvarant pseudometrics by observing that skew compact semigroup topologies arise from subinvarant quasimetrics. The central result of section 4 is that skew compact cancellative semigroups with de Groot continuous operations, are compact Hausdorff groups; related results can also be found there. The final section shows that much of the basic structure theory of compact (Hausdorff) semigroup can be extended to this situation.
In all cases, a key difference between the traditional Hausdorff situation and this non-Hausdorff situation is the need to pay attention to the specialization order ≤ τ . For it, and any binary relation ≤, we adopt the conventions ↑ [S] = {y | (∃x ∈ S)(x ≤ τ y)}, and ↓ [S] = {y | (∃x ∈ S)(x ≥ τ y)} (sometimes we may decorate the notation to indicate which relation we have in mind, e.g. ↑ ≤ [S]). Definition 1.1. For any topology, τ , the (Alexandroff ) specialization (order ), ≤ τ is defined by x ≤ τ y if x ∈ cl(y). Thus, cl(x) =↓ (x). The saturation of a set S ⊆ X is ↑ [S], and a set S is
It is easy to see that x ≤ τ y if and only if cl(x) ⊆ cl(y), and so ≤ τ is transitive and reflexive; it is a partial order if and only if τ is T 0 , and equality if and only if τ is T 1 . The study of spaces in which ≤ τ is not assumed symmetric is called asymmetric topology. 
• ≤ U is the usual order on I,
• the saturated sets are the upper sets,
• the compact sets are those with a least element.
Skew compact spaces
Except as noted below, in this section our notation and results are from [7] . It is characteristic of asymmetric topology that we must construct and study auxiliary topologies on the same space. Our terminology is adapted as follows; topological terms (eg. open, cl(osure), continuous) when not modified, refer to τ ; we use these notations with decorations to refer to auxiliary topologies (eg. *-open means open in τ * , cl S means the closure in the topology τ S = τ ∨ τ * , and *-continuous means continuous from (X, τ * X ) to (Y, τ * Y )). Definition 2.1. A T 0 topological space (X, τ ) is skew compact if there is a topology τ * on X such that:
(X, τ, τ * ) is pseudoHausdorff, that is: whenever x ∈ cl(y) then there are disjoint open T and *-open T * such that x ∈ T and y ∈ T * , τ ∨ τ * is compact.
Theorem 2.2. This second topology, τ * is uniquely determined by τ . It is its de Groot dual: the topology τ G whose closed sets are generated by the saturations of the τ -compact subsets of X.
As a result of our discussion in
Notice that for topological spaces (X,
A function is de Groot if it is continuous with respect to both the original and de Groot dual topologies.
There are several ways of saying that only symmetry has been sacrificed in Definition 2.1:
Hausdorff if and only if it is skew compact, and any of the following equivalent conditions hold:
c) the second topology is equal to the first.
What follows is a special case of the definition of continuity space in [6] , which suffices for our uses: Definition 2.4. A continuity space, is a set X together with two other sets, A, P and a function d : X × X → A, where for some index set J:
J contains 0, ∞, and is closed under these pointwise operations: +, truncated −, multiplication by From a continuity space, we get an induced topology, τ d defined by T ∈ τ d whenever for each x ∈ T there is an r ∈ P such that N r (x) = {y | d(x, y) ≤ r} ⊆ T , and an induced quasiuniformity,
, and a symmetrization (X, d S , A, P ), where
Topological notions for continuity spaces are defined in terms of the induced topologies, and uniform notions for them are defined in terms of the induced quasiuniformities; however, it can be shown that these are equivalent to extensions of the usual metric notions (but replace d(x, y) < r by d(x, y) ≤ r and 0 < r by r ∈ P ). Note that a quasiuniformity Q also has a dual, Q * = {U −1 | U ∈ Q} and a symmetrization, the join Q S = Q ∨ Q * .
Theorem 2.5. A T 0 topological space (X, τ ) is skew compact if and only if any of the following (equivalent) conditions occurs: (a) τ arises from a continuity space whose symmetrization is complete and totally bounded. Any two such continuity spaces are uniformly equivalent. (b) τ arises from a quasiuniformity with complete, totally bounded symmetrization. There is exactly one such quasiuniformity.
As is well-known, a topology is compact Hausdorff if and only if, it comes from a uniformity which is complete and totally bounded (and, like each uniformity, is its own symmetrization). A similar equivalent is that it arises from a symmetric, complete and totally bounded continuity space. Another useful characterization is given in topological ordered space terms: Definition 2.6. Recall from Nachbin [10] that an order-Hausdorff space, (X, τ , ≤), is a topological space together with a partial order closed in its square, X × X. For such, τ ≤ denotes the topology of open upper sets.
If (X, τ, ≤) is order-Hausdorff then τ is Hausdorff.
Theorem 2.7. A topological space (X, τ ) is skew compact if and only if either of the following (equivalent) conditions occurs: (a) There is a compact topology τ S and a partial order ≤, both on X, such that (X, τ S , ≤) is order-Hausdorff and τ = (τ S ) ≤ . (This topology and partial order are uniquely determined by τ :
Again, the space is compact Hausdoff if and only if further, in (a), ≤ is equality, and in (b), τ = τ G .
Lengths on Skew-compact Semigroups
Definition 3.1. A length space is a continuity space (S, d, A, P ) together with a semigroup operation on S for which d is subinvariant; that is, whenever a, b ∈ S ∪ {1} (1 an identity element added to S unless S has one already) and
The above results from the following theorem in [8] . For it we need for any R ⊆ S ∪ {1} the notation I R for the diagonal of R, {(r, r) | r ∈ R}. Theorem 3.2. Let · be an associative operation on S, Q a quasiuniformity on S, and L, R ⊆ S closed under · be such that if U ∈ Q there are V, W ∈ Q such that I L W ∪V I R ⊆ U . Then there is a continuity space structure on S for which Q is the induced quasiuniformity and such that whenever a ∈ L, b ∈ R, x, y ∈ S, we have d(axb, ayb) ≤ d(x, y). If further, Q is a uniformity, then d may be chosen symmetric.
Proof. (Sketch; details in [8] ): Usual (quasi)uniform techniques yield for each U ∈ Q a V ∈ Q (symmetric in the uniform case) such that V • V • V ⊆ U and I L V ∪ V I R ⊆ V . As in Kelley, p. 185, there is a quasimetric q on S (a pseudometric in the uniform case) such that U ∈ Q q ⊆ Q and whenever a ∈ L, b ∈ R, x, y ∈ S, we have q(axb, ayb) ≤ q(x, y). Let K be a set of such quasimetrics containing one having the above property for each U ∈ Q. Then take our continuity space distance to be the product of the collection of quasimetric spaces so obtained.
The
, and this forces τ = τ G for skew compact topologies, so it puts us back into the Hausdorff case. In our definition and below, if (S, τ, ·) is a skew compact space with semigroup operation, then we use the abbreviations S for (S, τ, · ) and Proof. It will do to show that ≤ τ is equality, since then the topology is compact T 2 . Toward this end, notice that any continuous function is specializationpreserving:
Thus each left translation, y → xy, is specialization-preserving. Now consider cl(e) = ↓ ≤τ e ; as a compact set, it contains a specialization-minimal element, g (in fact, this is the only element in the intersection of a maximal chain of closures of points). We show that g = e : otherwise, gg ≤ τ ge = g ≤ τ e, and · is cancellative, ruling out equality and contradicting the minimality of g. Thus ≤ τ is equality:
But then τ is compact T 2 , since it is skew compact, and its specialization is equality. S is compact T 2 . Each (two-sided) cancellative compact T 2 semigroup is wellknown to be a topological group; in particular, (S, · , τ S ) is a topological group, so S is a group. Thus by (a), (S, · , τ ) is a compact T 2 topological group.
Comments 4.3. (a)
The argument in 4.2 can be used to show that algebraic facts about compact Hausdorff semigroups hold about de Groot semigroups, since the operation is continuous with respect to the compact Hausdorff symmetrization topology. In particular, each de Groot semigroup has an idempotent, and has maximal and minimal ideals.
(b) If X is a de Groot semigroup, X 2 = X, and X has a unique idempotent, then X is a group. Also, the operation is continuous, so by Theorem 4.2 (a), it is a compact Hausdorff topological group.
Some structure results
Below, all semigroups will be assumed skew compact unless stated otherwise. Some implications hold with weaker assumptions: eg. 5.1 (c) and (d) do not require any compactness assumption. Also, each compact semigroup has minimal closed subsemigroups, left ideals, and right ideals, and a minimum closed ideal (simply adapt the first two paragraphs of the proof of 5.3 below). But ((0, .9], · , L) is a compact space with continuous abelian semigroup operation, and has no idempotent. (c) Closures of subsemigroups (resp. left, right, two-sided ideals) in continuous semigroups are subsemigroups (resp. left, right, two-sided ideals). Here is the argument for subsemigroups, typical of the four: Suppose that G is a subsemigroup, and x, y ∈ cl(G). If xy ∈ T , T open, then for some open U, V , x ∈ U, y ∈ V , and
so the latter is nonempty. This shows that xy ∈ cl(G).
(d) If · is specialization-preserving, upper sets of subsemigroups (resp. left, right, two-sided ideals) in these semigroups are subsemigroups (resp. left, right, two-sided ideals). This is a special case of (c), since specialization-preserving functions are precisely ≥-Alexandroff-continuous functions, and ≥-Alexandroff closures are exactly upper sets. Further, whenever S (or S G ) is continuous, · is specialization-preserving.
Definition 5.2. An upper left (resp. right, two-sided ) ideal is an upper set which is also a left (resp. right, two-sided) ideal. By an ideal we mean a twosided ideal. Proof. X is a *-closed ideal of X. If M 1 , . . . , M n is a finite number of *-closed ideals in X, then ∅ = M 1 · · · M n ⊆ M 1 ∩· · ·∩M n ; thus the set of *-closed ideals has the finite intersection property, and so has nonempty intersection in the compact (X, τ * ). This intersection is a *-closed, thus upper ideal, which we call M ; it is clearly the smallest *-closed ideal. Now let I ⊆ M be an upper ideal (not assumed *-closed). Let m ∈ I; by the continuity of S, X{m}X is a compact ideal, so cl G (X{m}X) = ↑ (X{m}X) is a *-closed ideal which is a subset of I, thus of M . Since M is minimal among *-closed ideals, cl G (X{m}X) = M , so I = M . So M is the smallest upper ideal of X, and it is *-closed. By Zorn's lemma, there are minimal *-closed upper left and right ideals (not necessarily unique). By an argument similar to that ending the last paragraph, (c) The following is an example of a compact Hausdorff semigroup (whose operation is not continuous) with no idempotent. Let (N, + ) be the positive integers with the usual addition, and let τ be the topology in which each nontrivial sequence in N \ {1} has 1 as a cluster point (that is, use the map
to identify N with {1/n | n ∈ N} ∪ {0}). Since ≤ τ is equality for Hausdorff spaces, the operation is specialization-preserving. No translation is continuous since lim k→1 (n + k) = 1 = n + lim k→1 k. Further, the only (*-) closed subsemigroup is the whole space, since if n is in our subsemigroup S, then each kn ∈ S, so 1 = lim k→1 kn ∈ S, and so each k = k1 ∈ S.
In [7] it is pointed out that for each skew compact topological space, the bitopological space (X, τ, τ * ) (τ * as in Definition 2.1) is normal if C ⊆ T , where T ∈ τ and C is τ * -closed, then for some U ∈ τ and τ * -closed D, C ⊆ U ⊆ D ⊆ T . Proof. (a) This is a result of A. D. Wallace (see [4] , page 142).
(b) We prove the two-sided case. For A ⊆ S let J(A) = cl * (A ∪ SA ∪ AS ∪ SAS), certainly this is the smallest * -closed ideal containing A. Now let I = I 0 be a proper * -closed ideal. If x ∈ I then T = S \ cl(x) is a proper open subset of S containing I. This T will be kept fixed throughout the proof.
By the normality of (S, τ, τ * ), find V ∈ τ such that I 0 ⊆ V and cl * (V ) ⊆ T . By compactness of S thus (a), for each y ∈ I there is an open U y such that y ∈ U y and J(U y ) ⊆ cl * (V ) ⊆ T ; by compactness of I 0 , there is a finite subcover of I 0 , y∈F U y . Let I 1 = y∈F J(U y ). Thus I 0 ⊆ y∈F U y ⊆ int(I 1 ) and I 1 is a * -closed ideal contained in T . Proceed in this manner to obtain I 2 , . . . ; clearly E-mail address: darobbie@unimelb.edu.au
